We develop a local spin model to explain the rich magnetic structures in the iron-based superconductors F e1+yT e1−xSex. We show that our model exhibits both commensurate antiferromagnetic and incommensurate magnetic order along the crystal a-axis. The transition from the commensurate to the incommensurate phase is induced when the concentration of excess F e atoms is larger than a critical value. Experimentally measurable spin-wave features are calculated, and the mean-field phase diagram of the model is obtained. Our model also suggests the existence of a large quantum critical region due to strong spin frustration upon increasing Se concentration.
PACS numbers:
Superconductivity with critical temperature T c = 14K was recently reported in the iron-selenide-telluride compound F e 1+y T e 1−x Se x 1,2,3,4 with 0 ≤ x ≤ 1. This discovery not only adds a new class of iron-based superconductors to the multitude of already existing ones, but also provides a fresh angle to investigate the fundamental physics of the F e − As based superconductors 5, 6, 7, 8 . F e 1+y T e 1−x Se x , similar to the F e − As based materials, has a PbO structure of square planar sheets of tetrahedrally coordinated F e atoms. The electronic band structure of F e 1+y T e 1−x Se x calculated by LDA is very close to that of the F e − As based superconductors 9 . It exhibits electron pockets at the zone corner and hole pockets at the zone center. Similar to the F e − As based superconductors, it is believed that the magnetism in F e 1+y T e 1−x Se x plays an important role in forming electron Cooper pairs.
The parent compounds of the F e − As based superconductors exhibit stripe-type commensurate antiferromagnetic spin order 10 . However, the origin of the spin order has been theoretically controversial, with two very different mechanisms leading to the same physical answer. One theory is based on Fermi surface nesting between the electron and hole pockets at the zone corner and center respectively 11 . This weak-coupling approach leads to a commensurate spin density wave (SDW) state at the nesting wavevector, as observed in the experiments on F e − As based parent materials. The competing view is that, due to the geometry of As-mediated hopping, antiferromagnetic exchange exists not only between the nearest neighbor (NN) F e sites, but also between next nearest neighbor (NNN) sites 12, 13, 14, 15, 16 . Moreover, the NNN coupling strength J 2 is stronger than the half of the NN coupling strength J 1 /2. The resulting J 1 − J 2 model produces magnetic physics consistent with the experimental results. Although they lead to the same overall prediction, the two theories rely on different mechanisms to describe the parent state's magnetism, and a conclusive test of either of them is needed.
We believe that the recent neutron scattering data in F e 1+y T e 1−x Se x 17,18 sheds new light on the origin of magnetism in F e-based materials. A commensurate spin order along the a axis (see Fig[1] ) in F eT e was reported. This gives way to an incommensurate spin order along the same axis upon the introduction of excess F e atoms. The commensurate spin order in F eT e is different from the one in the F e − As parent compounds: the two ordered wavevectors are rotated by 45 degrees with respect to each other. This experimental fact places a clear challenge to theories based on Fermi surface nesting. The Fermi surfaces of F e 1+y T e 1−x Se x are predicted, from LDA studies, to be similar to those in the F e − As based materials: the electron and hole pockets are separated by a 2D nesting vector at (π, 0). Based on first-principle calculations, it was then predicted that F eT e should support an identical spin ground state to that observed in F e − As materials 9 . With the experiment falsifying this prediction, the spin order in F eT e cannot be, at least trivially, understood by a Fermi surface nesting mechanisms.
In this letter, we show that the magnetic physics in the F eT e parent compound can be understood from the usual magnetic exchange nearest and next nearest neighbor J 1 − J 2 model used for the F e − As based materials, but with a natural parameter extension that takes into account the monoclinic lattice distortion observed in these compounds. The lattice distortion in F e 1+y T e 1−x Se x is different from the one in F e − As based materials. The two lattice distortion directions form a 45-degree angle, just like the magnetic wavevectors in the magnetic ordering states of these two systems. Our extended J 1 − J 2 model can explain both the commensurate and the incommensurate spin order phases along the a-axis which have been measured in neutron scattering experiments. The commensurate to incommensurate phase transition takes place at a critical concentration of excess F e atom in F e 1+y T e 1−x Se x . Above the critical concentration, the incommensurate wavevector is proportional to the square root of the concentration difference of excess F e atoms.
We start with the J 1 − J 2 model on the tetragonal lattice. Due to their proximity in temperature, we strongly believe that the lattice and magnetic transitions in F ebased materials are physically related. Considering the coupling between the lattice and magnetism, it is physical to assume that a particular lattice distortion favors changes in the values of J 1 and J 2 as follows: in the F e − As compounds, J 1 should be slightly more sensitive to changes in the angle of the F e − As − F e bond (As is out of plane) than J 2 . This is because the angle between two nearest F e atoms is around 72 degrees and hence closer to 90 degrees than the one between two next nearest F e atoms which is around 112 degrees. However, in F e 1+y T e 1−x Se x , J 2 should be significantly more sensitive than J 1 to changes in the angle between two nearest F e atoms; the angle between two nearest F e atoms, which influences J 1 , is around 66 degrees, whereas the angle between the two next nearest F e atoms is around 96 degrees and hence much closer to 90 degrees.
In the monoclinic lattice distorted phase, the extended magnetic Hamiltonian can be written as an in-plane nearest and next nearest neighbor Heisenberg model supplemented by an out-of plane small antiferromagnetic coupling as well as an next next nearest neighbor term:
where n is the layer index. The J ij 's, defined in Fig.[1] , are the magnetic exchange coupling parameters between irons in the a−b plane, and their values depend on the lattice distortion direction. If small, the added J 3 next next nearest neighbor coupling, suggested by first-principle calculations 19 , influences the phase diagram only quantitatively. We take J 2a ≥ J 2b , J 1a ≥ J 1b and study the part of the phase diagram of the model for which (J 2a , J 2b ) > 0 and J 1a > 0. These values are naturally expected in F e 1+y T e 1−x Se x , as shown in Fig.[1] .
As the exchange along the c-axis J z > 0 is not frustrated, we only focus on in-plane magnetism. All the possible ground states are presumed to have a k z = π. The classical ground state of the Hamiltonian can be obtained by comparing the energy of the following six states:(1) (π, π) antiferromagnetic (AFM) phase (AFM1 phase) with Fig(1)) ; (4) Incommensurate AFM along the b-axis(ICB phase) with energy
to be minimized over φ; (5) Incommensurate AFM along the a-axis (ICA phase) with E 5 = M in(J 2b + J 1a cos(φ 1 ) + J 1b cos(φ 2 ) + (J 2a + 2J 3 )cos(φ 1 + φ 2 )), to be minimized with respect to φ 1 and φ 2 ; (6) Incommensurate AFM along the y-axis (ICY phase), with
)cos(φ 3 ) + J 3 cos(2φ 3 ) + J 3 ), to be minimized over φ 3 . The three incommensurate phases are depicted in Fig.[2] .
The phase diagram of above model in the
plane is plotted in Fig.[2] . For F eT e, we are interested in the AFM3 and ICA phases, which have been experimentally observed. The AFM3 phase exists when the fol- lowing two conditions are satisfied: J 1a ≥ J 1b +4J 2b −8J 3 and
The transition line between AFM3 and ICA phases is determined by equality in the latter condition. In the ICA phase, the spin angle difference of two next nearest neighbours F e atoms φ 1 and φ 2 , indicated in Fig.2 are given by
The incommensurate wavevector, δ along the a-axis corresponding to the definition in 17 is δ = φ1+φ2 2π . If the next next nearest neighbor coupling J 3 is large, its effect on the phase diagram is qualitative. It can be analytically shown that if J 3 > J 2b /2, then the ICB phase disappears; while if J 3 > J 2a /2, then the ICY phase vanishes.
We now phenomenologically justify the parameters J 1a , J 1b , J 2a , J 2b and their capacity to induce a commensurate-incommensurate magnetic order transition upon doping with excess F e atoms denoted as Fe 2 (experimentally introduced in F eT e). The excess Fe 2 atoms are located at the mirror-symmetric site of the T e atom with respect to the F e layer. This suggests that the additional F e 2 directly couples to the four nearest neighbor F e as shown in Fig.[1c] with coupling parameter ∆J. In the AFM3 phase, regardless of the sign of ∆J, the excess F e 2 spins align along the b-axis through the ∆J coupling with the collinear spins along the baxis. The ∆J coupling along the a-axis is then frustrated. The effective result of ∆J on the magnetic model can be described by changing the effective parametersJ 1a ,J 1b andJ 2a asJ 1a (y) = J 1a + y∆J,J 1b (y) = J 1b + y∆J and J 2a (y) = J 2a + y 2 ∆J, where y is the density of the excess F e atoms. The change of J 2a is a second order in (1) AFM1 is the familiar (π, π) antiferromagnetic order in a square lattice; (2) AFM2 is the (0, π) collinear AFM order along the x-axis observed in the F e−As based superconductors; it is possible in the present model when J1a = J 1b , indicated as the green line in the figure; (3) AFM3 is the collinear commensurate AFM order along the a-axis observed in F e1+yT e1−xSex;(4) ICB is an incommensurate phase with the incommensurate vector along the b-axis; (5) ICA is an incommensurate phase with the incommensurate vector along the a-axis which has been observed in F e1+yT e1−xSex 17 ; (6) ICY is an incommensurate phase that has a wavevector of the form (π, q).
y, which can be ignored for low concentration of F e 2 . According to the phase diagram in Fig.[2] , the excess F e atoms can cause a commensurate-incommensurate transition if ∆J is antiferromagnetic, i.e. positive. From the phase boundary between AFM3 to ICA we can then determine the critical concentration of F e 2 that would cause the transition from AFM3 to ICA:
Away from the critical concentration, the incommensurate angles as a function δy = y − y c are given by
Therefore the incommensurate wavevector close to the transition is given by
To predict experimentally observable quantities, we perform a spinwave analysis on the AFM3 state. Suppose that the system is in the classical AFM3 ground state, in which the spins are aligned as in Fig.[1] . This is the commensurate order recently observed in the neutron scattering experiments. By introducing the standard Holstein-Primakoff bosons we obtain the spin wave excitations,
where
and f (k) = (e ikx + e iky ). The explicit analytical expressions for the spin-wave dispersion spectra are unreasonably long and will not be given here. We plot the 3-D spin-wave dispersion in Fig.[3] . Regardless of the values of parameters, a common feature of the spin-wave dispersion is an almost-dispersionless line along (k±π, k) where two branches become degenerate with an energy around
By comparing the spin-wave dispersions for different J 3 , we can also determine the value of J 3 . In Fig.[3] , we compare the dispersion along (k, −k) for J 3 = 0.1, 0.4, 0.8 respectively. The major difference lies in the higher-branch, which turns from a convex to a concave-shaped line. This feature can be tested in inelastic neutron scattering to determine the value of J 3 explicitly.
The spin moment correction in large S limit is:
In the vicinity of AFM3-ICA transition line, ∆m is about 25%. It is worth noting that ∆m does not diverge at the phase boundary because the ICA (ICB) phases can be obtained from the AFM3 state by a continuous rotation of the magnetization starting from zero at the phase transition line, unlike in other phase transitions where the magnetic order wavevector direction changes 15 . We now discuss the influence of the observed magnetic order in the AFM3 phase on the electronic properties of the material. DFT calculations show that F eSe and F eT e have a very similar Fermi surface structure to that in F e − As based materials. In the AFM3 state, the meanfield Hamiltonian can be written as H mf = H 0 + H M , where H 0 = kσ ψ + σ (k)ǫ(k)ψ σ (k) is kinetic energy that describes the band structure and H M is the meanfield energy of the spin ordering, with A(q) = A 0
2 ) in the AFM3 state. The resulting Fermi surface is given in Fig.[4] and remains gapless even at a considerably large order parameter A 0 = 0.3t 1 . The reason is simple: the modulation vector is (π/2, π/2). This vector, and its multiples, can only couple two electron or two hole pockets, but cannot couple electron and hole pockets together. This is in sharp contrast to the 1111 system, where the magnetic order induces a partial gap at both the electron and hole Fermi pockets. This distinctive feature from 1111 or 122 systems may be detected using ARPES.
It is also important to discuss what happens upon replacing T e atoms by Se atoms in the parent compound. Experimentally, it was shown that superconductivity develops in F eT e 1−x Se x upon increasing x. Based on our model, the AFM3 phase is generated from strong coupling of lattice and magnetic degrees of freedom. The AFM3 phase must coexist with monoclinic lattice distortion which is not favored in the pure α−F eSe. Therefore, by increasing Se concentration, the magnetic frustration increases. The frustration can lead to a close competition between the AFM3 and AFM2 phases which can result in a strong quantum critical region controlled by a quantum critical point between the AFM3 and AFM2 phases or an existence of a spin liquid state 20 , which is an interesting open question to study in future. This physics will be critical to understanding unconventional transport properties in the materials 21 at high temperature or upon increasing the Se concentration.
In summary, we constructed a magnetic exchange model to explain the rich magnetic order in F e 1+y T e 1−x Se x . The model exhibits both commensurate antiferromagnetic and incommensurate magnetic order along the crystal a-axis and describes the transition from the commensurate to the incommensurate spin order upon increasing the concentration of excess F e atoms. Our model can be explicitly tested by experimentally measurable spin-wave features. Our model also suggests an existence of a large critical region due to strong spin frustration upon increasing Se concentration.
